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We consider a model of non-local gravity with a large bare cosmological constant, Λ, and study
its cosmological solutions. The model is characterized by a function f(ψ) = f0e
αψ where ψ = −1R
and α is a real dimensionless parameter. In the absence of matter, we find an expanding universe
solution a ∝ tn with n < 1, that is, a universe with decelerated expansion without any fine-tuning of
the parameter. Thus the effect of the cosmological constant is effectively shielded in this solution. It
has been known that solutions in non-local gravity often suffer from the existence of ghost modes. In
the present case we find the solution is ghost-free if α > αcr ≈ 0.17. This is quite a weak condition.
We argue that the solution is stable against the inclusion of matter fields. Thus our solution opens
up new possibilities for solution to the cosmological constant problem.
I. INTRODUCTION
After the discovery of the accelerated expansion of the current universe, there have been a lot of discussions about
which side of the Einstein equation should be modified, either by adding an extremely small cosmological constant or
something similar to the matter side of the equation or by modifying the gravity side of the equation. In particular,
inspired by string theory which lives in higher dimensions, modified gravity theories have been attracting much
attention in recent years. One of such is non-local gravity. Its cosmological effect was studied in [1], and various
aspects of it have been studied [2].
Here we are interested in a different aspect of non-local gravity. By studying phenomenological modifications
of the Einstein equation, it was suggested that non-local gravity may solve the cosmological constant problem [3].
Inspired by this work, an explicit mechanism to screen the cosmological constant in non-local gravity was discussed
in detail [4]. Unfortunately, however, similar to the situation of many higher derivative theories [5], non-local gravity
often suffers from the existence of a mode with the incorrect sign of the kinetic term, that is, a ghost. There has
been some attempt to remedy this defect, for example, by adding an F (R) term [6], but it has not been successful so
far. However, it should be noted that the analysis was done only for modes around either flat or de Sitter (constant
curvature) spacetime solutions.
In this paper, we consider a simple one-parameter family of non-local gravity models with cosmological constant Λ
and study their cosmological solutions. The models are characterized by a function f(ψ) = f0e
αψ where ψ ≡ −1R,
with α being the real, dimensionless parameter: See Eq. (1) below.
We assume the universe is spatially flat, and consider the case where there is no matter contribution. Very
interestingly, we find a power-law solution a ∝ tn, where a is the cosmic scale factor, with n < 1. This implies that
the effect of the cosmological constant is completely shielded to render the expansion of the universe decelerated. To
be specific, as α varies from −∞ to +∞, n increases monotonically from 0 to 1/2. Thus the universe behaves like a
radiation-dominated universe for α≫ 1. Then we examine if the solution is free from a ghost. To our happy surprise,
it is found that for a very wide range of the parameter α, namely for α > αcr ≈ 0.17, the solution is found to be
ghost-free. For this range of α, we find n > ncr ≈ 0.35.
The paper is organized as follows. In Section 2, we present the action for a general class of non-local gravity without
specifying the form of the function f(ψ), and derive the equations of motion for spatially flat cosmology. Then we
derive the ghost-free condition of the model by making a conformal transformation from the original (Jordan) frame
to the Einstein frame. In Section 3, we specialize the theory to a model characterized by the f(ψ) = f0e
αψ and derive
its cosmological solutions. We then examine the ghost-free condition. Section 4 is denoted to conclusion.
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2II. NON-LOCAL GRAVITY AND GHOST-FREE CONDITION
A. Action and equations of motion
We consider a class of non-local gravity whose action is given by
S =
∫
d4x
√−g
{
1
2κ2
[
R
(
1 + f(−1R)
)− 2Λ]+ Lmatter (Q; g)
}
, (1)
where κ2 = 8piG, f is a function that characterizes the nature of non-locality with −1 being the inverse of the
d’Alembertian operator, Λ is a (bare) cosmological constant and Q stands for matter fields. For definiteness, we
assume matter is coupled minimally to gravity. Therefore, the above may be regarded as an action in the Jordan
frame.
In this simple class of non-local gravity, we may rewrite the action into a local form by introducing two scalar fields
ψ and ξ as
S =
∫
d4x
√−g
[
1
2κ2
{R (1 + f(ψ))− ξ (ψ −R)− 2Λ}+ Lmatter
]
=
∫
d4
√−g
[
1
2κ2
{R (1 + f(ψ) + ξ) + gµν∂µξ∂νψ − 2Λ}+ Lmatter
]
. (2)
By varying the action with respect to gµν , ξ and ψ, respectively, one obtains the field equations as
0 =
1
2
gµν
{
R (1 + f(ψ) + ξ) + gαβ(∂αξ∂βψ)− 2Λ
}−Rµν (1 + f(ψ) + ξ)
−1
2
(∂µξ∂νψ + ∂µψ∂νξ)− (gµν−∇µ∇ν) (f(ψ) + ξ) + κ2Tµν , (3)
0 = ψ −R , (4)
0 = ξ − f ′(ψ)R , (5)
where f ′(ψ) ≡ df/dψ.
For this class of models, we consider their cosmological solutions. We assume a spatially flat FLRW universe with
the metric,
ds2 = −dt2 + a2(t)δijdxidxj . (6)
With this assumption, Eqs. (3)-(5) reduce to
0 = −3H2 (1 + f(ψ) + ξ)− 1
2
ξ˙ψ˙ − 3H
(
f ′(ψ)ψ˙ + ξ˙
)
+ Λ+ κ2ρ , (7)
0 =
(
2H˙ + 3H2
)
(1 + f(ψ) + ξ)− 1
2
ξ˙ψ˙ +
(
d2
dt2
+ 2H
d
dt
)
(f(ψ) + ξ)− Λ + κ2P , (8)
0 = ψ¨ + 3Hψ˙ + 6H˙ + 12H2 , (9)
0 = ξ¨ + 3Hξ˙ +
(
6H˙ + 12H2
)
f ′(ψ) , (10)
where a dot denotes the time derivative ˙ = d/dt, H = a˙/a, and ρ = −T 0
0
and P = T ii /3 are the energy density and
pressure of the matter fields, respectively.
B. Ghost-free condition
One may be able to find various interesting solutions of the theory given by the action (1) or (2), they may not be
physically relevant if they contain a ghost mode, that is, a mode with a wrong sign of the kinetic term. Such a mode
may be harmless at classical level, but it would lead to a disastrous consequence in general as soon as we quantize it.
Hence it is better to avoid the existence of a ghost. The ghost-free condition for the theory (2) was discussed in [4].
3To examine if the theory contains a ghost or not, it is convenient to make a conformal transformation of the metric
to bring the action into the one in the Einstein frame, namely the conformal frame in which the gravitational part of
the action (2) becomes purely Einstein.
For this purpose, in this subsection (and only in this subsection), we denote the metric in the Jordan frame by g˜µν ,
and consider a conformal transformation,
g˜µν = Ω
2gµν . (11)
Then we have
R˜ = Ω−2 [R− 6( logΩ + gµν∇µ logΩ∇ν logΩ)] . (12)
Therefore we find that if we identify the conformal factor as
Ω−2 = 1 + f(ψ) + ξ , (13)
the gravitational part of the action becomes Einsteinian.
The action in the Einstein frame is given by
S =
∫
d4x
√−g
{
1
2κ2
[
R − 6( logΩ + gµν∇µ logΩ∇ν logΩ) + Ω2gµν∇µξ∇νψ − 2Ω4Λ
]
+Ω4Lmatter(Q; Ω2g)
}
.(14)
Introducing a new field φ by
φ ≡ logΩ = −1
2
log (1 + f(ψ) + ξ) , (15)
in place of ξ, the above may be written as
S =
∫
d4x
√−g
{
1
2κ2
(
R− 6∇µφ∇µφ− 2∇µφ∇µψ − e2φf ′(ψ)∇µψ∇µψ − 2e4φΛ
)
+ e4φLmatter(Q; e2φg)
}
. (16)
It is now easy to derive the ghost-free condition. Since there are only two scalar fields, the condition for the absence
of a ghost is that the trace and the determinant of the kinetic term matrix are both positive. In the present case, it
is readily seen that only the positivity of the determinant is sufficient, that is,
det
∣∣∣∣ 6 11 e2φf ′(ψ)
∣∣∣∣ > 0 . (17)
In terms of the original fields, this condition is expressed as
f ′(ψ) >
1
6
(1 + f(ψ) + ξ) > 0 , (18)
where 1 + f(ψ) + ξ > 0 is a necessary condition from Eq. (15). Later the above condition is used to examine if our
cosmological solutions are free from ghosts or not.
III. COSMOLOGICAL SOLUTIONS
As a class of simple non-local gravity models, we consider the case when f(ψ) is given by an exponential function,
f(ψ) = f0e
αψ . (19)
For this class of models, we look for cosmological solutions with the assumption that the scale factor is a power-law
function of time t, a ∝ tn. We also assume the absence of matter fields, ρ = P = 0.
4A. cosmological solutions
Under the assumption that a ∝ tn, we solve the system of equations (7) - (10). First we solve Eq. (9). Inserting
H = n/t to it, we find the solution for ψ(t) as
ψ(t) = ψ1t
1−3n − 6n(2n− 1)
3n− 1 ln t/t0 , (20)
where ψ1 and t0 are two integral constants. For simplicity, we set ψ1 = 0. It may be worth mentioning that ψ is
the variable that signifies the nonlocality of our theory, ψ = −1R. The above choice of the integration constant
corresponds to the (regularized) retarded integral of the inverse d’Alembertian operator. Then the function f(ψ(t))
takes the form,
f = f0
(
t
t0
)m
; m ≡ −α6n(2n− 1)
3n− 1 . (21)
Inserting the above into Eq. (10), one obtains the solution for ξ(t)
ξ(t) = ξ0 + ξ1t
1−3n − 6n(2n− 1)
m(3n+m− 1)αf0
(
t
t0
)m
, (22)
where ξ0 and ξ1 are two integral constants. Again for simplicity, we set ξ1 = 0 in the following. Inserting these
solutions into Eq. (7), we find for consistency,
ξ0 = −1 , m = 2 , t20 =
6n(n+ 1)
Λ
f0 . (23)
From the viewpoint of Eq. (10), the above solution corresponds to the retarded integral of the inverse d’Alembertian
operator plus a specific value of the constant homogeneous solution ξ0 = −1. In particular the second equation
determines the power-law index n,
6αn2 + 3(1− α)n− 1 = 0 . (24)
This equation has two real solutions, which are given by
n1 =
−3 + 3α+
√
3(3α2 + 2α+ 3)
12α
,
n2 =
−3 + 3α−
√
3(3α2 + 2α+ 3)
12α
. (25)
We plot them in Fig. 1 as a function of α. From this figure, we see that an expanding solution is given by n = n1 for
any α and by n = n2 for α < 0. In both cases, n approaches 1/2 for |α| ≫ 1, that is, the evolution of the universe
looks like a radiation-dominated one. We note that from Eqs. (23) and (24), the solution for ψ can be rewritten in
the form,
ψ(t) =
1
α
ln
[
Λt2
6f0n(1 + n)
]
. (26)
Now let us examine the ghost-free condition (18). Noting that 1 + f + ξ is given by
1 + f + ξ = f
(
1− α3n(2n− 1)
3n+ 1
)
= f
6n
3n+ 1
, (27)
we have
6f ′
1 + f + ξ
= α
3n+ 1
n
= α(3 +
1
n
) . (28)
Then an analytical calculation shows that
6f ′
1 + f + ξ
∣∣∣∣
n1
> 1 =⇒ α > αcr ≡ 1
15
(7− 2 13 − 2 53 ) ≈ 0.17 , (29)
6f ′
1 + f + ξ
∣∣∣∣
n2
< 1 for ∀α ∈ R . (30)
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FIG. 1: Index n as a function of parameter α. Here the blue line (the one in the middle, which is regular at α = 0) denotes
n = n1 and the red line n = n2.
So the ghost-free condition (18) implies that a ghost can be avoided for n = n1 provided that the parameter α >
αcr ≈ 0.17, while the appearance of a ghost cannot be avoided at all for n = n2.
In summary, we conclude that in our non-local gravity model with f(ψ) = f0e
αψ, we have a cosmological solution,
ψ(t) =
1
α
ln
[
Λt2
6f0n(n+ 1)
]
, ξ(t) = −1− (2n− 1)αΛt
2
2(3n+ 1)(n+ 1)
, (31)
where
n = n(α) ≡ −3 + 3α+
√
3(3α2 + 2α+ 3)
12α
, (32)
and the absence of a ghost is guaranteed provided that the parameter α satisfies
α > αcr =
1
15
(7− 2 13 − 2 53 ) ≈ 0.17 . (33)
Correspondingly, the power-law index n varies in the range,
1/2 > n > ncr ≈ 0.35 . (34)
It should be noted that Eq. (18) implies f ′(ψ) > 0, which reduces to the constraint on the parameter f0 > 0 for a
positive α. Thus the solution we have obtained in the above is meaningful only for a positive cosmological constant
Λ.
Finally, let us comment on the case when a matter field is present. If the coupling is as assumed in Eq. (1), that
is, if matter is minimally coupled to gravity in the original conformal frame, then assuming the equation of state
parameter w = P/ρ is greater than minus one, w > −1, its effect will be always subdominant if it is so initially simply
because its contribution to the energy density decreases faster than that of the cosmological constant. So our solution
will be stable against the inclusion of matter fields.
B. behavior in the Einstein frame
In this subsection, we study the behavior of the solution (31) in the Einstein frame. The reason for doing this is the
following. Although matter fields are assumed to be minimally coupled to gravity in the original frame as given in the
action (1), this assumption has no relevance to our cosmological solution because we simply neglected their presence.
In other words, we still have freedom in the choice of matter-gravity coupling. In particular, one may assume that
a certain matter field is minimally coupled to gravity in the Einstein frame. Another reason is to confirm explicitly
6that the expansion is delecerated in the Einstein frame as well.1 Therefore it is useful to know the behavior of our
cosmological solution in the Einstein frame.
In this subsection, we attach a subscript E to quantities in the Einstein frame. Under the conformal conformal
transformation gµν = Ω
2gE,µν the conformal factor is given by
Ω2 =
1
1 + f + ξ
=
(n+ 1)(3n+ 1)
Λt2
, (35)
where t is the time in the original frame.
The cosmic proper time tE in the Einstein frame is related to t by dt = ΩdtE . Hence we obtain
tE =
∫ t dt
Ω
=
√
Λ t2
2
√
(n+ 1)(3n+ 1)
, (36)
where we have identified tE = 0 with t = 0.
The scale factor in the Einstein frame is aE = Ω a. Hence the Hubble parameter in the Einstein frame can be
calculated as
HE =
1
aE
daE
dtE
=
Ω
a
d
dtE
( a
Ω
)
=
Ω2
a
d
dt
( a
Ω
)
=
n+ 1
2
1
tE
, (37)
where we have used the fact a ∝ tn and Ω ∝ t−2 together with Eq. (36). This implies that the power-law index nE
in the Einstein frame is given by nE = (n+ 1)/2, and takes the values in the range,
0.75 > nE > nE,cr ≈ 0.675 , (38)
for ∞ > α > αcr ≈ 0.17.
Thus, from (36) and (37), we obtain the solutions for the scalar fields ψ in the Einstein frame
ψ(tE) =
1
α
ln
[
1
3f0n
√
Λ(3n+ 1)
n+ 1
tE
]
,
ξ(tE) = −1− α(2n− 1)
√
Λ
(3n+ 1)(n+ 1)
tE . (39)
Again from Eq. (35), we note that the cosmological constant must be positive, Λ > 0.
Before closing this section, an important comment is in order. As we demonstrated, the theory can be recasted
in the form of a scalar-tensor theory or in the form of Einstein gravity plus two scalar fields. Therefore one might
consider our theory to be simply a scalar-tensor theory that gives rise to a decaying cosmological constant. Technically
this is true. But it should be emphasized that the form of the action for these scalar fields in either the original frame
or the Einstein frame is completely fixed by the original form of non-local gravity given by Eq. (1): There is no
freedom in maneuvering the form of the Lagrangian for these scalar fields. In other words, even if one were to regard
this theory as a scalar-tenor theory with two non-minimally coupled scalar fields (in the original Jordan frame), it
would be highly non-trivial to find a theory that would lead to a solution with a decaying cosmological constant which
decays sufficiently fast in the original frame as well as in the Einstein frame.
IV. CONCLUSION AND DISCUSSION
We have studied cosmological solutions in a simple class of non-local gravity with cosmological constant. The model
is characterized by a function f(ψ) = f0e
αψ where f0 > 0 and α is a real parameter, and ψ is the inverse of the
d’Alembertian acting on the scalar curvature, ψ = −1R. In the absence of matter fields, we have found power-law
solutions a ∝ tn with n < 1, that is, with decelerated expansion. We have found that for α > αcr ≈ 0.17, the solution
is ghost-free. Thus without any fine-tuning, the solution successfully screens the effect of the cosmological constant
that would have led to accelerated expansion.
1 In fact, whether the expansion is delecerate or not does not depend on the choice of conformal frames, because it is directly related to
the causal structure of the universe, which is conformal invariant by definition.
7We have assumed the absence of matter. If there is matter, we have to specify how the matter couples to gravity. If
the matter couples minimally to gravity in the original (Jordan) frame, then it is expected that the presence of matter
will not change the qualitative behavior of the solution in the sense that the solution we found will be an asymptotic,
attractor solution of the system.
Our solution opens up new possibilities for the solution to the cosmological constant problem. It is known that
the expansion of the present universe is accelerating. Therefore, in order to make our model more realistic, we must
have matter which are not minimally coupled in the original frame, and which would lead to accelerated expansion at
late times (but with a cosmological constant which is exponentially smaller than the original cosmological constant).
Search for such a model is under way.
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